We discuss the bosonization of nonrelativistic fermions interacting with non-Abelian gauge fields in the lowest Landau level in the framework of higher dimensional quantum Hall effect. The bosonic action is a one-dimensional matrix action, which can also be written as a noncommutative field theory, invariant under W N transformations. The requirement that the usual gauge transformation should be realized as a W N transformation provides an analog of a Seiberg-Witten map, which allows us to express the action purely in terms of bosonic fields. The semiclassical limit of this, describing the gauge interactions of a higher dimensional, non-Abelian quantum Hall droplet, produces a bulk Chern-Simons type term whose anomaly is exactly cancelled by a boundary term given in terms of a gauged Wess-Zumino-Witten action.
Introduction
Quantum Hall effect in higher dimensions and different geometries has become a topic of recent research interest [1] - [8] . The higher dimensional generalization exhibits features similar to the twodimensional case, such as incompressibility and gapless edge excitations, among other things. In a series of papers [2] - [6] we generalized the original Zhang-Hu construction of QHE on S 4 to arbitrary even dimensions by formulating the quantum Hall effect on the complex projective spaces CP k .
Within this framework we also introduced a bosonization approach for nonrelativistic fermions in higher dimensions. The possible excitations of the LLL fermionic system in the presence of a confining potential are particle-hole excitations, which can, in principle, be described in terms of bosonic degrees of freedom. Using the quantum density matrix formulation we derived an exact bosonic action describing these excitations [3, 4] . The bosonic action is given in terms of onedimensional (N ×N ) matrices acting on the N -dimensional LLL single particle Hilbert space, which can be further expressed, using the star-product formulation, as an action of a noncommutative field theory.
In [6] we extended the bosonization method outlined in [3, 4] in the case of electromagnetic, U (1), gauge interactions. CP k however is a space which also admits a non-Abelian U (k) background gauge field. Charged fermions moving on CP k can have non-Abelian degrees of freedom and can further couple to external non-Abelian gauge fields. In this paper we derive the bosonized action in the case of non-Abelian gauge interactions. Although our explicit calculations involve the particular case of nonrelativistic fermions on CP k whose LLL Hilbert space is well known [4] , our method is quite general and applies to any manifold which admits a consistent fomrulation of the quantum Hall effect.
The semiclassical limit of the derived bosonic action, where N → ∞ and the number of fermions becomes large, produces the collective description of the low-energy excitations of the quantum Hall droplet (Abelian and non-Abelian) in the presence of gauge interactions. In this limit the action separates into a boundary part and a bulk part. The boundary term is essentially described by a chiral, gauged Wess-Zumino-Witten type action, while the bulk term is a Chern-Simons type action in terms of the external gauge fields. These two contributions combine so that the total effective action is gauge invariant. The phenomenon of anomaly cancellation between the edge and bulk action is of course well known in two dimensions. There, one can easily integrate out the fermions and derive the bulk contribution which is an Abelian Chern-Simons action whose coefficient is given by the quantized Hall conductance. The Chern-Simons term defined on a space with boundary is not gauge invariant, the non-invariance given by a surface term. The gauge invariance is restored by the addition of a boundary action in terms of chiral massless fields, which describe the edge dynamics of a quantum Hall droplet [9, 10] . In higher dimensions our bosonization method produces simultaneously the bulk and edge effective actions in a way that gauge invariance is automatically built in.
There have been several approaches to extending bosonization to higher dimensions [11] - [17] .
Our approach is closer to the one followed by Das et al [18] and Sakita [19, 20, 21] for LLL nonrelativistic fermions in two dimensions. Our noncommutative field theory action is essentially a W N -gauge action in higher dimensions.
This paper is organized as follows. In section 2 we outline the bosonization method for nonrelativistic fermions in the LLL in the presence of gauge interactions in arbitrary dimensions. In the rest of the paper we apply the bosonization technique in the case of CP k with a U (k) background gauge field. In section 3 we review the LLL Hilbert space of charged fermions on CP k with a U (1) and U (k) uniform background magnetic field. In section 4 we derive the corresponding star-product to 1/n 2 order, where n is the strength of the U (1) uniform magnetic field. In sections 5 and 6 we consider the large N (equivalently large n) limit of the bosonic action and derive the edge and bulk effective action for the non-Abelian quantum Hall droplet. In section 7 we discuss the gauge invariance of the bosonic action and explicitly demonstrate the anomaly cancellation between the edge and bulk contributions. In section 8 we conclude with a brief summary and comments.
General approach
Here we present a general matrix formulation of the dynamics of noninteracting fermions in the lowest Landau level, which eventually leads to a bosonization approach in terms of a noncommutative field theory.
Let N denote the dimension of the one-particle Hilbert space corresponding to the states of the lowest Landau level, K of which are occupied by fermions. The spin degree of freedom is neglected, so each state can be occupied by a single fermion. In the presence of a confining potentialV , the degeneracy of the LLL states is lifted and the fermions are localized around the minimum of the potential forming a droplet. The choice of the droplet we are considering is specified by a diagonal density matrixρ 0 which is equal to 1 for occupied states and zero for unoccupied states.
We can further considerρ 0 to be the density matrix characterizing the ground many-body state.
The most general fluctuations which preserve the LLL condition and the number of occupied states are unitary transformations ofρ 0 , namelyρ 0 →ρ =Ûρ 0Û † , whereÛ is an (N × N ) unitary matrix.
The action which determinesÛ is given by
whereV is the confining potential. We have used the fact that on the LLL the Hamiltonian isV up to an additive constant.Û can be thought of as a collective variable describing all the possible excitations within the LLL. The equation of motion resulting from (1) is the expected evolution equation for the density matrixρ, namely
As it is well known by now in the context of noncommutative field theories, the action S 0 can also be written as [3, 4, 6] 
where dµ is the volume measure of the space where QHE has been defined and ρ 0 , U, V are the symbols of the corresponding matrices on this space. In our notation the hatted expressions correspond to matrices and unhatted ones to the corresponding symbols, which are fields on the space where QHE is defined. As we shall explain later, in the case where the LLL admits nonAbelian fermions coupled to a background gauge field in some representation J ′ of dimension N ′ , the corresponding symbols are (N ′ × N ′ ) matrix valued functions and the action S 0 is written as
Our notation is such that "Tr" indicates trace over the N -dimensional LLL Hilbert space while "tr"
indicates trace over the N ′ -dimensional representation J ′ . In the case of Abelian fermions, which was the case studied in [3, 6] , N ′ = 1 and tr is absent as in (3) . An important point to emphasize here is that when we later consider the semiclassical limit of (4) , N → ∞, while N ′ remains finite.
If Ψ m ( x), m = 1, · · · , N , represent the correctly normalized LLL wavefunctions, then the definition of the symbol corresponding to a (N × N ) matrixÔ, with matrix elements O ml is
The star product is defined as
The action S 0 in (1) or equivalently (4) provides an exact bosonization for the noninteracting fermion problem. The expression in (1) does not depend on the particular space and its dimensionality or the Abelian or non-Abelian nature of the underlying fermionic system. This information is encoded in equation (4) in the definition of the symbol, the star product and the measure.
We now extend the bosonization approach for the underlying fermionic problem in the LLL in the presence of external, fluctuating gauge fields. We propose that gauge interactions (beyond the coupling to the strong uniform magnetic field which confines the system to the LLL) are described by a matrix action S which is invariant under time dependent U (N ) rotations,
We consider S to be the gauged version of S 0 in (1), where ∂ t is now replaced byD t = ∂ t 1 + iÂ andÂ is a matrix gauge potential. In particular,
Invariance of this action under infinitesimal time dependent U (N ) rotations
implies the following transformation for the gauge potentialÂ,
whereĥ = exp(−iλ). As before the action S in (8) can be written in terms of the corresponding symbols as
where the (N × N ) matrices have been replaced by their symbols, matrix multiplication by the star product, and Tr by N N ′ dµ tr. The action (11) is now invariant under the infinitesimal
We shall refer to this as the W N gauge transformation, in analogy to the W ∞ transformation appearing in the case of the planar two-dimensional QHE [10, 18] .
If the proposed action S in (11) is to be the bosonized action describing the coupling of the LLL fermionic system to a fluctuating external gauge field A µ ( x, t), then A( x, t) should be a function of A µ ( x, t). The dependence of A( x, t) on A µ ( x, t) is determined in the following way. Since S is supposed to describe gauge interactions of the original system it has to be invariant under the usual gauge transformation
in the case of Abelian gauge fields, or
δĀ µ = 0 in the case of non-Abelian gauge fields, where Λ is the infinitesimal gauge parameter andĀ µ is a possible non-Abelian background field. The fact that S is invariant under (12) and (13) (or (14)) implies that the transformation (12) can be thought of as a nonlinear realization of the gauge transformation (13) or (14) . This determines (up to gauge invariant terms) A as a function of A µ and therefore the bosonized action of the LLL fermionic system in the presence of gauge interactions. Further, since A can be thought of as the time component of a noncommutative gauge field, the relation between A and the commutative gauge fields A µ is essentially a SeibergWitten transformation [22, 23] .
As we shall explicitly show in section 6, in the semi-classical limit, where N → ∞ and the number of fermions is large, the A-dependent part of the action produces a boundary term describing the coupling of the quantum Hall droplet to the external gauge field A µ , and also a purely A µ -dependent bulk term, which is a Chern-Simons like term. The bulk Chern-Simons term defined on a space with boundary is not gauge invariant. The gauge noninvariance is cancelled by the boundary term so that the total action is gauge invariant. At the large N limit the transformations (12) become the usual gauge transformations for matter and gauge fields so the gauge invariance of the action is automatically satisfied.
This approach, which is based on a matrix formulation, provides a very general way to construct the bosonic action for the underlying LLL fermionic system in any space that admits a consistent formulation of QHE. The semiclassical limit of this action describes the gauge interactions of the quantum Hall droplet (Abelian or non-Abelian).
The action S 0 in (3) was also used in the context of one dimensional free fermions and their relation to c = 1 string theory [18] . The bosonization approach of LLL fermions in the presence of gauge interactions extended to any dimension as outlined above, is an adaptation of a method used by Sakita [20] to derive the electromagnetic interactions of LLL spinless electrons in the two dimensional plane.
In [3, 4] , using a semi-classical expansion of S 0 , we derived the edge dynamics of Abelian and non-Abelian quantum Hall droplets on higher dimensional CP k spaces. In this case the fermionic density is a step function, constant over the phase volume occupied by the droplet and zero outside the droplet. We found that the action S 0 reduces to a higher dimensional generalization of a chiral
Wess-Zumino-Witten type action describing the boundary excitations of the droplet. In [6] we further explored the semiclassical limit of S in (11) to derive the bulk and edge effective actions of the Abelian quantum Hall droplet in the presence of electromagnetic interactions. In this paper we extend our analysis to derive the edge and bulk dynamics of the non-Abelian quantum Hall droplet in the presence of gauge interactions.
QHE on CP k
Here we shall briefly review the structure of the lowest Landau level and the emerging star product for CP k , which are the crucial ingredients in constructing the bosonic action (11) . We shall mainly follow the presentation in [3, 4] and in the review article [5] .
with the identification v a ∼ e iθ v a . One can further introduce local complex coordinates z I , I = 1, · · · , k, by writing
The U (1) background magnetic field (which leads to the Landau states) is introduced via a gauge potential
The corresponding U (1) field strength is given by
where Ω is the Kähler two-form of CP k , which is obviously closed, and n is an integer. Further n = 2BR 2 , where B is the constant background U (1) magnetic field and R is the radius of CP k .
For k = 1, since S 2 = CP 1 , the problem of charged fermions on CP 1 with U (1) background field was studied by Haldane several years ago [24] . In this case the background gauge field a is that of a monopole of charge n placed at the origin of S 2 .
The lowest Landau level wavefunctions for CP k with U (1) background field were derived in [3] .
They are the coherent states for CP k .
These wavefunctions form a symmetric, rank n representation J of SU (k + 1). The dimension of this representation is
The set of states in (19) can also be interpreted as the Hilbert space of fuzzy CP k [25] . QHE, therefore, provides a physical realization of fuzzy spaces [5] , so our results can be relevant for certain fuzzy space analyses, going beyond the context of just QHE.
For CP k one can also have uniform non-Abelian background fields. In this case the corresponding LLL wavefunctions are more involved. Using the fact that
group theoretic analysis was developed in [4] which allowed a uniform treatment of the Abelian and non-Abelian case. Let t A denote the generators of SU (k + 1) as matrices in the fundamental representation, normalized so that tr(t A t B ) = 1 2 δ AB . These generators are classified into three groups. The ones corresponding to the SU (k) part of U (k) ⊂ SU (k + 1) will be denoted by t a , a = 1, 2, · · · , k 2 −1 while the generator for the U (1) direction of the subgroup U (k) will be denoted by t k 2 +2k . The 2k remaining generators of SU (k +1) which are not in U (k) are the coset generators, denoted by t α , α = 1, · · · , 2k. The coset generators can be further separated into the raising and
We can now use a (k + 1) × (k + 1) matrix g in the fundamental representation of SU (k + 1) to parametrize CP k , by making the identification g ∼ gh, where h ∈ U (k). We can use the freedom of h transformations to write g as a function of the real coset coordinates x i , i = 1, · · · , 2k. The relation between the complex coordinates z I ,z I in (16) and x i is the usual one,
The E α i are the frame fields in terms of which the Cartan-Killing metric on CP k is given by
The Kähler two-form on CP k is likewise written as
f ABC are the SU (k + 1) structure constants, where
and E a i are related to the U (1) and SU (k) background gauge fields on CP k . In particular the U (1) field a is given by
This agrees with (17) if we identify g a,k+1 = v a . We can similarly define an SU (k) background field
Its normalization is chosen so that
Notice thatĀ a in (25) does not depend on n, while the Abelian field a in (24) is proportional to n. The corresponding U (1) and SU (k) background field strengths are
We see from (26) that in the appropriate frame basis the background field strengths are constant, proportional to the U (k) structure constants. It is in this sense that the field strengths in (26) correspond to uniform magnetic fields appropriate in defining QHE.
We now define two sets of operators, R A and L A which perform right and left translations on an arbitrary element g of SU (k + 1), as 27) where T A are the SU (k + 1) generators in the representation to which g belongs. The U (1) gauge field in (24) changes by a gauge transformation under a right U (1) rotation of the form g → gh where h ∈ U (1), while it remains invariant under an SU (k) right rotation. This implies that in the case where the fermions couple only to the Abelian gauge field a, the corresponding single particle wavefunctions have a fixed U (1) R charge and are singlets under SU (k) right rotations [3] .
In particular the wavefunctions obey the condition
On the other hand, the non-Abelian gauge fieldĀ a in (25) is invariant under right U (1) rotations but noninvariant under right SU (k) rotations. So in the case where the fermions have non-Abelian degrees of freedom and couple to the full U (k) background gauge field, the wavefunctions have the same fixed U (1) R charge as in (28) but under right rotations transform as a particular SU (k)
The indices a ′ , b ′ = 1, · · · , N ′ label the states within the SU (k) representation J ′ and can be thought of as the internal degrees of freedom of the non-Abelian fermions coupled to the U (k)
background field. The matrices T a are the SU (k) generators in the representation J ′ .
As we have explained in [4, 5] , the coset operators R α correspond to covariant derivatives, while the SU (k + 1) operators L A correspond to magnetic translations. In particular, in the absence of a confining potential, the Hamiltonian is proportional to R +I R −I up to additive constants, so the lowest Landau level condition is
In both the Abelian and non-Abelian case the wavefunctions form an SU (k + 1) representation.
A convenient basis to express them uniformly, is in terms of the Wigner D-functions which are the matrices corresponding to the group elements in a particular representation J. Taking into account the proper normalization we have,
where l A , r A indicate the two sets of quantum numbers specifying the states on which the generators act, for left and right actions respectively.
In the Abelian case where the fermions couple to the U (1) background gauge field a, the right state |J, r A in (31) must be constrained by the condition (28); we denote the right state |J, r A by | − n . Further, condition (30) implies that the state on the right is the lowest weight state. As a result the LLL wavefunctions on CP k with U (1) background field form an irreducible SU (k + 1)
representation J which is symmetric, of rank n, and whose lowest weight state is an SU (k) singlet.
The dimension of the J representation which defines the dimensionality of the LLL Hilbert space is given by (20) .
In the non-Abelian case where the fermions couple to the U (k) background field, the right states |J, r A in (31) are constrained by the condition (29); we now denote the right states |J, r A by |a ′ , −n . Conditions (29) and (30) imply that the LLL wavefunctions for CP k with U (k)
background field form an irreducible SU (k + 1) representation J whose lowest weight state is an
Since the U (1) charge is fixed in terms of n, there are constraints on the type of allowed J ′ SU (k) representations [4] . The dimension N of the SU (k + 1) representation J depends now on the particular J ′ representation chosen, but for large n
The LLL wavefunctions
are properly normalized by virtue of the orthogonality theorem
4 Star product for CP k with U (k) background gauge field
As we have discussed in [3, 4] the symbol corresponding to a (N × N ) matrixX, with matrix elements X ml , acting on the Hilbert space of the LLL is defined by
In the non-Abelian case the symbol is a (N ′ × N ′ ) matrix valued function, while in the Abelian case where J ′ is the singlet representation, the symbol is just a function on CP k . With this definition
The star product is defined in terms of the symbol corresponding to the product of two matriceŝ
In order to calculate the star product we need to reexpress the unit matrix 1 in (37), where 1 = m |m m|, and |m are all the states in the J representation, in terms of the lowest weight states |a ′ , −n . In the case of a U (1) background field the star product, following this method, was derived in [3] . We found
Expression (38) can be thought of as a series expansion in 1/n.
In the case of the U (k) background field the calculation of the star product is more involved.
In [4] we calculated it to order 1/n; here we shall extend the calculation to order 1/n 2 , which is sufficient for the derivation of the effective action S in the semiclassical limit N → ∞ (or equivalently n → ∞).
An arbitrary state in the SU (k + 1) representation J can be written as
where |a ′ , −n are the lowest weight states within the representation J, T +I I = 1, · · · , k are the corresponding raising generators and C a ′ are coefficients to be determined. Using the commutation
and the fact that 2k(k + 1) T k 2 +2k T +I |a ′ , −n = (−nk + k + 1)T +I |a ′ , −n , we find the following relations for the coefficients C :
where · · · above denotes terms of lower order in n. Inverting the last two expressions in (41) we
Combining (39), (41) and (42) we find
Inserting (43) in (37) and using the definition of the symbol as in (35) we find
Using (21) and (27) we can further express R α as differential operators in the following way.
where T 's are the U (k) generators in the particular representation g belongs to. Using (45) and the definition (35) for the symbol, we find that the action of the right operator R α on a symbol is
whereĀ is the SU (k) background gauge field in the J ′ representation. Notice that the U (1) part of the gauge field does not contribute in (45). 2
Similarly the action of two right operators R α on a symbol produces the following expression
where D i is the properly defined covariant derivative for a curved space such as CP k , namely
where A in f αAβ is a U (k) index (both U (1) and SU (k)) and Γ l ij is the Christoffel symbol for CP k .
Combining expressions (45) and (47) we can rewrite the star-product in (44) in terms of covariant derivatives and real coordinates (instead of complex) as
2 The particular definition of the symbol in (35) implies that the gauging is done in terms of the transpose matrices (Ta) T as in (45). This was incorrectly stated in equation (53) of reference [4] , where Ta there should be replaced by
whereF lk =F a lk (T a ) T and
In deriving (49) the following expressions for g ij and (Ω −1 ) ij were used:
Using (49) we can now write down the symbol for the commutator to order 1/n 2 ,
Equations (49) and (52) are valid for both the Abelian and non-Abelian case. In the Abelian case, they simplify by taking X, Y to be commuting functions,
Calculation of A
As we explained in section 2, our approach in deriving the bosonized action S expressing the dynamics of the LLL fermions on CP k in the presence of gauge interactions results in calculating
A as a function of the fluctuating gauge fields A µ via the W N transformation (12) and the fact that this is induced by the gauge transformation (14) . Using (12) and (52) we find
Before we attempt to explicitly solve for A as a function of A µ we need to discuss the scaling of various quantities. All expressions so far (including the measure dµ, g ij , (Ω −1 ) ij , etc.) have been written in terms of the dimensionless coordinates x i =x i /R, where R is the radius of CP k andx are the dimensionful coordinates. The calculation of the star-product (49) involves a series expansion in terms of 1/n, where n = 2BR 2 and B is the constant U (1) magnetic field. Rewriting our expressions in terms of the dimensionful parametersx i , one can easily see that the expansion in 1/n becomes an expansion in 1/B. We further assume that the energy scale of the fluctuating gauge field A µ and therefore A is much smaller than B so that the restriction to LLL is justified. The scale of the confining potential V is set by the magnetic field B (∼ n in terms of dimensionless variables) [3, 4] . A convenient choice for the confining matrix potentialV is such that the ground state density ρ 0 ( x) corresponds to a spherical droplet. This is the case when all the SU (k) multiplets of the J representation upto a fixed hypercharge are completely filled, starting from the lowest. A particular, simple choice for such a potential is the one used in [4] ,
where ω is a constant. (The potential does not have to be exactly of this form; any potential with the same qualitative features will do.) The particular expression (54) is such that
where |s denotes an SU (k) multiplet of hypercharge −nk + sk + s, namely 2k(k + 1)T k 2 +2k |s = (−nk + sk + s)|s . The symbol for (54) was calculated in [4] to be
where
The important point is that the first term in (56) is diagonal and of order n in terms of the dimensionless variables z, while the second non-diagonal term is of order n 0 . So in analyzing (53) we can absorb the order n 0 term of the confining potential in the definition of A and treat separately the diagonal term of order n as V . Using then that V a ′ b ′ is a commuting diagonal matrix of the
, where r 2 =z · z, the expression (53) can be further simplified as
A consistent solution for A as a function of A µ , A = f (A µ ), is such that
In the absence of a confining potential, V = 0, the solution to (58) is
and
Writing
where A V is the V -dependent part of A and using (58) and (61) we find the following relation for
The quantity u i , which will be extensively used from now on, is essentially the phase space velocity, if we think of the LLL as the phase space of a lower dimensional system, with symplectic structure nΩ and Hamiltonian V .
In deriving (64) the following relations between g ij , (Ω −1 ) ij in (51) and the background field strengthF a ij in (26) were used
We eventually find that the solution for A V is
and λ is as in (62), independent of V . Combining (61), (63), (67) and (68) we arrive at the following expression for A:
where [ ] indicate commutators and { } anticommutators. The external fluctuating gauge field A µ in the above expression, contains both the Abelian U (1) and non-Abelian SU (k) components,
In the Abelian case where the fermions interact only with the U (1) gauge field, the symbols are commuting functions, so the commutator terms in (69) vanish. The result then agrees with the one found in [6] . 3 In terms of the dimensionful quantities A being the symbol of the time component of the matrix gauge potential, expression (69) along with (62) can be thought of as the Seiberg-Witten map [22, 23] for a curved manifold in the presence of non-Abelian background gauge fields.
As should be clear from (60), expression (69) is only determined up to gauge invariant terms whose coefficients are not constrained by the W N transformation (12) and the requirement that it is induced via the gauge transformation (14) . We shall refer to the solution (69) as the "minimal"
solution. As we shall see later, this produces the minimal gauge coupling for the chiral field describing the edge excitations of the quantum Hall droplet, similarly to the case of the Abelian droplet [6] .
Edge and bulk actions
The fully bosonized action expressing the gauge interactions of nonrelativistic fermions with U (k) degrees of freedom with a fluctuating gauge field A µ in the lowest Landau level is given by
where A is given in (69).
For the case of a confining potentialV with an SU (k) symmetry, as discussed in the previous section, the fermionic many-body ground state is formed by filling up a certain number of complete SU (k) representations, starting with the singlet, the fundamental, rank two and so on, up to, let us say rank M symmetric representation. We found in [4] that in the large N , large M limit, where
where Θ is the step function, and R D is the radius of the droplet,
. Equation (71) defines the so-caled droplet approximation for the fermionic density, and it is at this limit we want to evaluate the action S and identify the edge and bulk effective actions.
As we mentioned earlier, the integrand in (69) can be thought of as an expansion in 1/B if we write our expressions in terms of the dimensionful coordinatesx. Similarly, using (32), the prefactor
where dμ is the measure of the space in terms of the dimensionful coordinates. For convenience we will continue the evaluation of the edge and bulk effective actions in terms of the dimensionless coordinates, keeping in mind, though, that the 1/n expansion can always be converted to a 1/B expansion with the appropriate overall prefactor to correctly accomodate the volume of the droplet.
Calculation of S 0
In the absence of gauge interactions the semiclassical limit of S 0 was derived in [4] . Here we give a brief review of this calculation.
U can be expressed in terms of the hermitian (N ′ × N ′ ) matrix valued field Φ, which is the symbol corresponding toΦ inÛ = e iΦ . We found that to leading order in 1/n
Similarly
and further
Using (73)- (75) one can show that the action S 0 can be written in terms of the unitary (N ′ × N ′ ) matrix valued field G, and in the large n-limit
Expanding out the covariant derivatives we find that the last term in (76) can be written as [4] 
Since ρ 0 (r 2 ) is a step function as in (71), its derivative ∂ i ρ 0 produces a delta function with support at the boundary of the droplet, namely
wherex i is the radial unit vector normal to the boundary of the droplet. Further using the
we can rewrite S 0 in the following form:
where ω = 1 n ∂V ∂r 2 | boundary and
D Ω is the component of the covariant derivative D perpendicular to the radial direction, along a special tangential direction on the droplet boundary. The action S 0 in (80) is a higher dimensional generalization of a chiral, Wess-Zumino-Witten action, vectorially gauged [26] with respect to the time independent background gauge fieldĀ. The first two terms in (80) are evidently boundary terms. The third term is a WZW-type term written as an integral over a (2k + 1) manifold, corresponding to the droplet and time. The usual 3-form in the integrand of the WZW-term, (G † dG) 3 , has now been augmented to the appropriate (2k + 1)-form (G † dG) 3 ∧ Ω k−1 . Since the WZW-term is the integral of a locally exact form [4] , the whole action S 0 should be considered as part of the edge action.
Calculation of S A
The part of the action which depends on the external gauge field A µ is given by
where A is given in (69). Using (73)- (75) and the expression (49) for the star-product we find that
Expression (83) naturally splits into two parts. A term that expresses the coupling between the external gauge field A µ and the matter field G and a term that involves only the gauge field A µ .
In particular we find, up to 1/n 2 order terms,
In doing partial integrations as in (85), we used, along with the fact that ρ 0 is time independent, the relation
From expressions (85) and (86) we notice that S A,matter contributes to the edge action as expected, since the matter field G resides on the edge and describes the edge excitations of the droplet, while S A, pure contributes to both the edge and bulk action.
Let us for now focus on the "topological" part of S A,pure , namely the terms which contain
(Ω −1 ) ij but not explicitly the metric.
Using (79) and
we can rewrite the terms in (88) as follows:
In deriving the last expression in (90) we used the relation
and the fact that (Ω −1 ) ijF a ij = 0. We similarly find that
Upon partial integration the last term in (92) is zero for V = V (r 2 ) and ρ 0 = ρ 0 (r 2 ).
Combining (86), (88), (90) and (92) we can rewrite S A,pure in the following way
Doing a partial integration and using the fact that
, we can rewrite the last term in (93) in the following way:
The last term in (94) involves the curvature of CP k . Using (48) and (59) we find that
Using (95) we find that the last term in (94) can be written as
We are now ready to write down the final edge and bulk contributions resulting from S A in (83):
Let us momentarily focus on S bulk A . In terms of the dimensionful coordinatesx, the last term is of order 1/(BR 2 ) while the term before last is of order 1/B but contains higher derivatives of the external field compared to the other terms in (98). If we also consider the approximation where R becomes large and the gradients of the external field are small compared to B, the last two terms become subdominant compared to the other terms in (98).
A similar expression for S bulk A , when ρ 0 = 1 (completely filled LLL level), has also been derived in [27] using a different analysis. In fact it was shown there that the "topological" part of (98), where the last two terms are neglected, can be written as a single (2k + 1)-dimensional ChernSimons term to all orders in 1/n. Using (78) and the fact that N/N ′ = n k /k! at large n, we can rewrite the "topological" part of S bulk A (when ρ 0 = 1) as
One can check, using that da = nΩ, that up to a constant term independent of the fluctuating field, this is indeed the large n expansion of the (2k + 1)-dimensional Chern-Simons term for the gauge fieldÃ:
in agreement with [27] . 5 5 In comparing with [27] one has to take a → −a or equivalently nΩ → −ω. The extra (−1) k+1 factor in front of the Chern-Simons action in (99) has to do with the fact that, in our notation, the components of the gauge fields are related to the matrix form by A = A a (Ta) T whereas [27] used the definition A = A a (−Ta)
Anomaly cancellation between bulk and edge actions
As we have explained in section 2, the full bosonic action S is by construction invariant under
which further induces the W N transformation (12) .
Using (73)- (75) one can show that (101) implies the following gauge transformation for G:
where · · · indicates higher order terms in 1/n. This means that the total effective action we derived to 1/n order,
is automatically gauge invariant under (102) and (103). One can verify this explicitly by calculating the gauge variation of S. In fact it is interesting to consider separately the gauge transformation of the edge and bulk parts of the action.
Gauge transformation of S edge
The total edge action is
The last two terms do not involve matter coupling; they further depend explicitly on the metric and are of no topological nature. One can show that they are gauge invariant by making use of the Kähler property of the manifold, namely
where K(r 2 ) is the Kähler potential. The rest of S edge transforms in the following way under the gauge transformation (102) and (103) :
The gauge variation of S edge does not depend on u k . In fact it is interesting to write down the u-independent (V = 0) part of the edge action neglecting the last metric dependent term. After some rearrangement of the terms we find that this can be written as a higher dimensional WZW action, gauged in a left-right asymmetric way as follows:
The first term in (108) is gauge invariant, while the last two terms combine to produce
which is the same as (107) for a time independentĀ i , withĀ 0 = 0. The full S edge action, including the u k dependent terms can also be written as a gauged WZW action by doing the following substitutions in (108):
One can explicitly verify that the u-dependent terms are gauge invariant. The derivative ∂ τ is the convective derivative, well known in hydrodynamics. The appearance of A τ is consistent with the gauging of the convective derivative.
Gauge transformation of S bulk
The full bulk action S bulk is given by S bulk A in (98). The gauge transformation of the combination
where ∂ Ω = (Ω −1 ) ij 2x j ∂ i is an angular derivative along the boundary. Using the fact the ρ 0 is time independent and that ρ 0 , V are spherically symmetric, one can easily show by partial integration that the terms in the first and last line of (98) 
which implies that the V -dependent Chern-Simons term in the third line of (98) is gauge invariant.
The gauge non-invariance of the bulk action S bulk is due to the V -independent Kähler-Chern-Simons term in the second line. In fact we find
Adding the gauge variations of the edge and bulk actions we find, as expected, that the total bosonic action S is gauge invariant, δS = δS edge + δS bulk = 0 (114) 8
Summary, concluding remarks
In this paper we derived an exact bosonic action describing the dynamics of the LLL fermions on CP k in the presence of non-Abelian gauge interactions. It is a one-dimensional gauged matrix action written in terms of (N × N ) matrices acting on the N -dimensional lowest Landau level single particle Hilbert space and can be further expressed as an action of a noncommutative field theory.
Its semiclassical limit, as N → ∞ and the number of fermions becomes large, produces an effective action describing the gauge interactions of a ν = 1 higher dimensional, non-Abelian quantum Hall droplet. The effective action contains a bulk contribution in the form of Chern-Simons type actions in terms of the external gauge fields and a boundary contribution in terms of a higher dimensional gauged, chiral Wess-Zumino-Witten action. The gauging of the boundary Wess-Zumino-Witten action appears in a left-right asymmetric way, such that there is an exact anomaly cancellation between the bulk and the boundary terms, guaranteeing the gauge invariance of the total action.
Further the bulk Chern-Simons type terms can be combined into a single (2k + 1)-dimensional Chern-Simons action for the total gauge field, including the Abelian and non-Abelian background and fluctuating gauge fields as well as the confining potential, in agreement with [27] .
Given the fact that the full single particle Hilbert space for all Landau levels is known in the case of CP k [3, 4] , our results can be extended to derive the effective action for a ν = n higher dimensional Abelian or non-Abelian quantum Hall droplet, where n Landau levels are filled.
Further extensions towards including inter-Landau level transitions and interactions is interesting and worth pursuing.
Although many of the explicit calculations in this paper were done in the context of the QHE formulation on CP k , the outlined bosonization procedure is quite general and applies to any manifold which admits a consistent formulation of QHE. Furthermore, since the lowest Landau level of a 2k-dimensional nonrelativistic fermionic system can also be thought of as the phase space of a lower k-dimensional system, our analysis can be clearly interpreted as a phase space bosonization of k-dimensional fermions. Related work on phase space Hall droplets has been done in [8, 16] .
Implications of this work to higher dimensional fluids is also of interest.
